Close to the singular point s = 1 the zeta function can be represented as a Laurent series in (s -1). The coefficients in this series are called the Stieltjes constants, and the first ones were computed already 100 years ago. In order to investigate their somewhat unexpected behavior we have defined a related function which we call the Stieltjes function, and examined its properties.
Introduction.
From the definition of the zeta function we have s-1 y, (-l)n(s -l)"(lnfc)n k ^ n\ n=0 ) As observed before, the coefficient of (s-1)_1 is 1 and that of (s -1)° is 0. Further, the coefficient of (s-1)1 is easily found to be 7. Dividing by (s -1) we get 
Note that when n = 0 we have interpreted the term 0° as 1 which gives the value 7o = 7-Formula (3) can also be written as ( The values An = (-l)™7"/n. are called Stieltjes constants and were computed numerically for n = 1(1)8 in 1887 by Jensen [1] to 9 decimals (with the notation Cn+i = An), and in 1895 by Gram [2] to 16 places. The constants 7" were computed for n = 0(1)19 by Liang and Todd [3] to 15 significant digits in 1972, and they were also mentioned by Apóstol [4] . Our values displayed in Table 1 agree with those in [3] , except for n = 8 and n = 9, which were given as -0.35212 33538 03039 (-3) and -0.34394 77441 80881 (-4), respectively. The constants 7", n = 0(1)20. 2. The Stieltjes Function 7(2). In order to get a clear idea concerning the behavior of the coefficients 7", we define a function 7(2) as follows:
where we have discarded the dubious first term (lnl)2 which will cause trouble when Re(^) < 0. With this definition, we have 7(0) = -1 + 7 while 70 = 7. As before, the last term can be replaced by an integral, and we see that the whole expression can be computed by Euler-Maclaurin's formula. Choosing the integer N sufficiently large and putting p = In N, we obtain the semiconvergent series
+274zpz~l -120p2)/30240Ar6 + • • Let us first examine convergence of the series in (6). Denoting the general term by rk(z) and writing q = In k, we have for large k (z ^ -1):
In(* -1) = 9(1 -(1/A; + l/2fc2 + l/3fc3 + ... )/q) = q(l -h),
As can be seen by direct inspection of (6), our computation is valid for all z except z = -1, and hence we have convergence in the whole complex plane except in 2 = -1. n-*oo 1 ^ kink 2
We now turn to the numerical computation of the Stieltjes function in general and start with the case when z is real, z = x. For large values of x, e.g., x > 20, we get enormous cancellations with a loss of 15-30 significant digits. We can get rid of much of this cancellation if we note that the wanted sum is in fact built up by the small pieces between the curve y(t) = (lnt)x/t and the consecutive chords. In this way we can gain, say, 10 digits at a price of a considerably more complicated formula, and no real advantage is obtained. So we decided to perform the computations in multiple precision (33 significant digits), and in this way we could proceed as far as x = 50 with 10 digit accuracy. Using high-order extrapolation, we could go even further in some respects (determination of the zeros). In Table 2 we present the values for x = 0(0.1)10(0.5)50 with 10 significant figures. In addition, the values for x = 50(5)100 are presented with decreasing accuracy. Further, tendigit values are also given for a reasonable selection of negative arguments. The function y = sign(7(x))ln(l + 10000|7(x)|) for x > 0 (where the factor 10000 was chosen for convenience) is presented in Figure 1 . Note that for large negative values of x, the series X3fct=2 0n k)x/k converges very fast. Already for x < -20, ten-digit accuracy is obtained with 7 terms, for x < -30 with 3 terms, for x < -40 with 2 terms, and for x < -50 with just one term.
We have also computed the zeros, rn < 100, and we found that they behaved in a very regular manner. The highest values could be obtained by using a difference scheme, and we believe that these extrapolated values are correct to about 4 decimals (except, possibly, the last two or three values). Similarly, we have also computed all extrema (un,vn) with abscissas < 50. We have maxima when unvn > 0, minima when unvn < 0. Using a least squares method, we found approximately (at least for n > 10) lnr" ~ 1.2801 Inn+ 0.7494. TABLE 3 Zeros rn, n = 1(1)20, and extrema (un,vn), n -1(1)11, including also the only one (a minimum) with negative abscissa. In a similar way we found for positive un Inun ~ 1.202Inn+1.0203.
All values rn, un and vn are displayed in Table 3. 3. Complex Arguments.
We have also made extensive calculations for complex arguments. In particular, we first studied the behavior of 7(c + it), c = -|, 0 and ^, and in all these cases we found that the image, at least to start with, was spiraling around the origin for increasing values of t (cf. Figure 2) . This led us to explore in considerable detail the curves defined by Re(7(z)) = 0 and Im(7(2)) = 0 (see Figure 3) . In this way we could localize 11 zeros x + iy, all of them in the strip -1< x < 3, 0 < y < 100 (see Table 4 ). 
